Abstract. We revisit the problem of extending quadrature formulas for general weight functions, and provide a generalization of Patterson's method for the constant weight function. The method can be used to compute a nested sequence of quadrature formulas for integration with respect to any continuous probability measure on the real line with finite moments. The advantages of the method include that it works directly with the moments of the underlying distribution, and that for distributions with rational moments the existence of the formulas can be verified by exact rational arithmetic.
Introduction
A quadrature formula for integration with respect to the weight function ρ : Ω → R takes the form
The weight function ρ is a strictly positive measurable function that is the probability density function of a continuous random variable with finite moments. The weights w k and nodes t k , k = 1, . . . , K, are chosen so as to maximize the highest degree d for which the approximation (1) is exact for every polynomial f of degree up to d. This degree is called the degree of polynomial exactness (sometimes the degree of precision) of the formula. A quadrature rule is a sequence of quadrature formulas with an increasing number of nodes and an increasing degree of exactness. For many applications it is desirable that a quadrature rule be nested, that is, that the node set of each formula is a subset of the node set of its successors. To obtain such a sequence, we start with a quadrature formula with K(1) nodes, and extend it to a new formula with higher degree of exactness by adding K(2) − K(1) additional nodes. The weights of the existing nodes may change. Repeated application of such an algorithm shall give rise to a nested sequence of quadrature formulas of increasing degree of polynomial exactness.
In 1964, Kronrod presented a method to extend the well-known Gauss-Legendre formulas [4] . His construction adds, for any K, K + 1 nodes to the K-node Gauss-Legendre formula (which has degree of exactness 2K − 1 for the constant weight function ρ ≡ 1/2 on Ω = [−1, 1]), extending it to a formula with 2K + 1 nodes and a degree of exactness at least 3K + 1. He also showed that this is the best possible extension (in terms of the achieved degree of exactness), but he did not consider longer sequences of nested formulas. Patterson [5] showed that Kronrod's method can be used to obtain nested rules by iteratively extending the extended formulas. He also considered the constant weight function over the interval [−1, 1], the resulting quadrature rule is now known as the Gauss-Kronrod-Patterson (or GKP) rule.
It is possible to generalize Patterson's method to obtain nested quadrature rules for other, non-uniform, continuous distributions with finite moments. To the best of our knowledge, this is very little known or used in the literature. One known example is the quadrature rule proposed by Genz and Keister [2] for integration with the Gaussian weight function. Their approach is a direct generalization of Patterson's 1964 algorithm. Patterson's 1989 paper [6] also considers general weight functions, but that algorithm is not a direct generalization of the first.
Patterson's 1989 method requires that the distribution is given by the three-term linear recurrence relation satisfied by orthogonal polynomial bases with respect to the probability density function of the distribution. Obtaining this recurrence may itself be a difficult task [3] , and the coefficients of the recurrence is not as commonly available information for known distributions as moments are. In this note we formally propose and give the details of an algorithm that generates nested sequences of quadrature formulas for general continuous distributions with finite moments. The algorithm circumvents the use of the three-term linear recurrence, and works with the moments of the underlying distribution directly. This yields a streamlined version of Patterson's algorithm, which can also be easily implemented. A Mathematica implementation is also provided.
Extending quadrature formulas using known moments
Our quadrature formula extension algorithm relies on the following two results. The first one is an immediate generalization of [4, Theorem 1]; its proof is omitted. Proposition 1. For every probability density function ρ and every set {t 1 , . . . , t K } ⊆ R of K nodes there exists unique weights w 1 , . . . , w K such that the quadrature formula for integration with respect to ρ has a polynomial degree of exactness at least K − 1. These weights are the unique solution of the linear (square) system of equations
Theorem 2. Let ρ be the probability density function of a distribution supported on Ω ⊆ R with finite moments. Let F be a univariate polynomial of degree n with n distinct real roots, and suppose that there exists a polynomial G of degree p satisfying
Assume further that the roots of G are all real and of multiplicity one, and distinct from those of F . Then there exists a quadrature formula supported on the roots of F G, whose degree of polynomial exactness is at least n + 2p − 1.
Proof. The polynomial F G has degree n + p, therefore every polynomial H of degree n + 2p − 1 can be written as H = QF G + R for some polynomials Q of degree p − 1 and R of degree n + p − 1. Consider now the quadrature formula supported on the roots of F G with degree of polynomial exactness at least n + p − 1, whose existence is established in the previous Lemma (with n + p in place of K). Denoting by q(H) the value n+p i=1 w i H(t i ) of this quadrature formula for the polynomial H we have that q(R) = Ω R(t)ρ(t)dt because R has degree n + p − 1; q(QF G) = 0 because q is supported on the roots of F G; and Ω Q(t)F (t)G(t)ρ(t)dt = 0 owing to (3) and the fact that Q is of degree p − 1. Hence,
Therefore, the formula gives the correct value of Ω H(t)ρ(t)dt for every H of degree n + 2p − 1.
These assertions suggest the following algorithm:
(1) Consider an arbitrary quadrature formula on n nodes, and the polynomial F whose roots (of multiplicity one) are the nodes of the formula. (2) Choose an integer p ≥ 1, and find a degree p polynomial G that is not identically zero and that solves the system of equations (3). Eq. (3) is a homogeneous system of linear equations with one fewer variables than equations, but we can assume that the leading coefficient of G is 1, and turn (3) into an inhomogeneous square system of linear equations. (3) Determine the roots of G; these are the new nodes of the extended formula. Now find the weights of the formula by solving (2).
By Theorem 2, the resulting formula adds new nodes to the initial formula, potentially increasing its degree of polynomial exactness. If p > n/2, the second formula necessarily has a higher degree of exactness, since an n-node formula cannot have a degree of exactness higher than 2n − 1. Repeated application of this algorithm may yield a nested sequence of quadrature formulas of increasing degree of exactness.
As with Patterson's 1964 algorithm, this algorithm may also fail to yield a new formula if either the linear system (3) has no nonzero solution, or G has complex roots or real roots of multiplicity higher than one, or if F and G have common roots. If the algorithm fails for a given p, different values of p may be tried sequentially. Finally, different initial formulas may give rise to different sequences.
Further remarks
The original GKP formulas can be obtained using the above algorithm with Ω = [−1, 1] and ρ(t) = 1/2, starting with the trivial 1-node formula (with the node at 0, with weight 1), and taking p = n + 1 in each iteration. The number of nodes is thus 2 i+1 − 1 after i iterations. It is not known whether this process can be repeated indefinitely, but formulas up to 511 nodes have been determined. The Genz-Keister formulas mentioned above can be obtained by successively applying the above algorithm to the normal distribution.
It should be noted that although the computation of the nodes and weights may be numerically challenging (especially since the matrix of the linear system (3) is an illconditioned Hankel matrix), the existence of the solution for a given p can be decided using exact rational arithmetic for every distribution whose moments are rational numbers. In this case, the coefficients of G (if G exists) are rational numbers, and the number of those roots of G that are distinct from the roots of F can be determined without the computation of the roots of either
A Mathematica implementation of the algorithm, which runs with exact rational arithmetic or extended precision arithmetic based on the input, is available from the authors, and is given in the Appendix, where a numerical example is also provided.
Appendix A. Mathematica code
A simple Mathematica implementation of the quadrature rule generation algorithm consists of two functions. The first one, FormulaExtension[F,p,moments,{var,a,b},prec The input arguments F and p of FormulaExtension are as in Theorem 2; moments is the list of known moments; the list {var,a,b} contains the symbol for the variable of F and the the boundaries of the interval Ω = [a, b]; and prec is an optional argument that controls the precision of the numerical calculations. Leaving it at its default value, infinity, the calculations are carried out with the lowest precision of all the inputs. If the coefficients of F , the moments, and the endpoints of the interval [a, b] are all given as (symbolic) rational numbers, G all computations are carried out using exact rational arithmetic.
The moments can be obtained, for instance, by symbolic integration using Mathematica. The moments of well-known distributions are also well-known, their precomputed values can be accessed through the function Moment.
The second function needed to compute the formulas is NodesAndWeights[F,moments,var,prec], which returns the nodes and weights of the formula supported on the roots of F by solving Eq. (2). 
